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ABSTRACT 

The unsteady free convective flow of an incompressible, viscous, electrically conducting fluid over a vertical stretching surface 

with variable viscosity and thermal radiation in the presence of viscous dissipation is considered. The fluid is assumed to be gray, 

absorbing emitting but non-scattering medium. Thus, the Rosseland approximation is used to describe the radiative heat flux in 

the energy equation. The viscosity of the fluid is assumed to be an inverse linear function of temperature. Specifically, the study is 

aimed at determining the effects of variable viscosity parameter ( ), Eckert number (  ) and radiation parameter ( ) on 

temperature distribution profiles, while holding Prandtl number constant that is        corresponding to air. The specific 

energy equation governing the fluid flow is solved numerically by finite difference method. The nonlinear partial differential 

equation is solved numerically by finite difference method with. MATLAB code is used to solve the Forward Time and Centered 

Space (FTCS) scheme. Further, stability and consistency analysis are performed on the FTCS scheme to determine the 

convergence of the scheme. Results for temperature distribution profiles are presented graphically for different values of variable 

viscosity ( ), Eckert number (  ), radiation parameter ( ). The findings are that an increase in variable viscosity and Eckert 

number causes an enhancement of temperature distribution profiles whereas an increase in radiation parameter leads to a 

decrease in temperature distribution profiles. The FTCS scheme was found to be unconditionally stable and consistent. The 

results obtained in this study follow expected trends and are in good agreement with some previous studies. 

Key words: Variable Viscosity, Magneto hydrodynamics, Stretching Surface, Thermal Radiation, Von-Neumann 

Analysis, FTCS Scheme. 

1. INTRODUCTION 

Fluid flow over a stretching surface plays a very important role in the field of metallurgy and chemical engineering and in 

particular, the extrusion of polymer sheet from a die or in the drawing of plastic films. During the manufacture of these sheets, the 

melt materials from a slit is stretched continuously to achieve the desired thickness, Alinejad and Samarbakhsh [ ]. The properties 

of the final product depend to a great extent on the rate of cooling. The rate of cooling is fundamentally influenced by the type of 

fluid adjacent to the boundary layer surface, Jafar et al, [ ].  

Great interest has been shown in the study of heat transfer over a stretching surface. Pop and Na  [ ] studied unsteady flow past a 

stretching sheet.  Nazar et al  [ ] presented a study on unsteady boundary layer flow of an incompressible micropolar fluid with 

the assumption that the stretching velocity varied linearly with the distance along the sheet. Elbashbeshy and Aldawoody  [ ] 

focused on unsteady flow over a stretching surface with variable heat flux while taking into account a heat source or sink.  

Phakirappa, et al  [ ] analyzed free convective viscous fluid flow and heat transfer flow past a stretching sheet taking into account 

heat sink and internal heat generation.  A study on partial slip flow and heat transfer over a stretching sheet in a nanofluid was 
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carried out by Sharma, et al  [ ]. Vajravelu, et al  [ ] studied the unsteady convective boundary layer flow of a viscous fluid on a 

vertical surface for which numerical solutions were presented.  

Thermal radiation is pertinent in the studies involving science and engineering. Major processes in engineering occur at a high 

temperature especially in designing of energy conversion equipment, Reddy, et al  [ ]. Malapati and Polarapu  [  ] analyzed the 

nonlinear unsteady MHD flow of viscous, incompressible and electrically conducting fluid past a vertical porous channel under 

the influence of thermal radiation and chemical reaction. Sharma and Gupta  [  ]) carried out a study on the analytical solution of 

the two-dimensional MHD flow of viscoelastic Jeffrey fluid through impermeable surface in presence of thermal radiation and 

viscous dissipation taking into consideration heat generation/absorption. Daniel et al  [  ]) presented magnetohydrodynamics 

flow of nanofluid towards nonlinear stretched surface with variable thickness in presence of electric field. The analysis took into 

account viscous dissipation, Joule heating and chemical reaction. Fenuga et al  [  ] investigated the effects of radiation and 

Eckert number on MHD flow with heat transfer rate near a stagnation-point region over a nonlinear vertical stretching sheet. 

However, the above literature did not consider variation in viscosity which occurs as a result of change in temperature as the fluid 

flows along the stretching surface. Owing to its importance, studies have been done by a number of researchers. Shit and Haldar 

 [  ] investigated the effect of thermal radiation and temperature dependent viscosity on free convective flow and mass transfer of 

an electrically conducting fluid over an isothermal stretching sheet. They observed that velocity decreased with increase of the 

magnetic parameter, Prandtl number, thermal radiation parameter, viscoelastic parameter and species diffusion parameter while it 

increased with the increase of viscoelastic parameter. A numerical model was developed by Salem  [  ] to study the effects of 

temperature dependent viscosity on heat and mass transfer flow of magnetohydrodynamic (MHD) micropolar fluids along a 

permeable stretching surface embedded in a non-Darcian porous medium in the presence of viscous dissipation and chemical 

reaction. Their results indicated that in the presence of viscous dissipation enhanced variable viscosity parameter caused a rise in 

the rate of heat transfer near the surface while decreasing the same significantly away from the surface. Pal and Mondal [  ] 

presented a numerical model to study the effects of temperature dependent viscosity and variable thermal conductivity on mixed 

convection problem. Two cases of wall heating conditions namely, prescribed surface temperature (PST) and prescribed heat flux 

(PHF) which arise in polymer industries were considered. Their results indicated that enhanced Prandtl number led to the decline 

in the skin friction coefficient, local Nusselt number and local Sherwood number whereas a rise in Schmidt number lessened the 

concentration profile in both PST and PHF cases. 

The present paper examines the effect of variable viscosity on the unsteady free convective fluid flow over a vertical stretching 

sheet in the presence of thermal radiation and viscous dissipation.  Fluid viscosity is assumed to vary as an inverse linear function 

of temperature. Using finite difference approximations, the unsteady energy equation is discretized. The discretized equation is 

solved numerically by finite difference method. The effects of different parameters on temperature distribution profiles are 

investigated considering a case in which the Prandtl number is held at a constant value, that is, at         (corresponding to 

air). The solutions are then analyzed graphically. Further, the stability and consistency analysis of the FTCS scheme developed 

from the energy equation partial differential equation was done to ascertain that the PDE was well posed. 

2. MATHEMATICAL FORMULATION 

A two-dimensional unsteady incompressible electrically conducting fluid flow over a vertical stretching surface is considered. The 

flow is infinite along the  -axis and the sheet is non-conducting with injection taking place through the porous walls of the 

channel with uniform velocity   . The y-axis is perpendicular to the sheet in the upward direction and the z-axis is transverse to 

the   -plane. The continuous sheet moves in its own plane with velocity         and the temperature         distribution varies 

both along the sheet and time. The fluid flow being studied is free convectional and takes place along the  -axis under the action 

of transverse magnetic field. The temperature at the sheet is maintained at a prescribed constant   . The flow is generated due to a 

stretching sheet which is caused by applying two equal opposite forces. It is also assumed that no applied or polarization voltages 

exist since the plate is insulated. Thus    . To simplify the problem, we assume that there is no variation of flow quantities in 

the  -direction. It is also assumed that the fluid properties are isotropic and constant except for the fluid viscosity which is 

assumed to vary as an inverse linear function of temperature   in form Salem [  ]: 

 

 
 

 

  
[         ], that is, 

 

 
                                                                 (1) 

Where   
 

  
 and       

 

 
 are constants and their values depend on the state of the fluid. 

Under the above assumptions, the continuity and energy conservation equations governing the flow can be expressed as follows 

(Sharma and Gupta  [  ] Shateyi and Motsa [  ]): 
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Where   and   are the velocity components of fluid in   and   directions respectively,   is the fluid density,   is the dynamic 

viscosity, k is the thermal conductivity,    is the specific heat at constant pressure,   is the temperature of the fluid,    is the 

component of radiative heat flux. 

The boundary conditions are given by: 

                                      

                                              ,                             

                                                    , as     

The stretching sheet is of infinite length along x-axis, hence  
  

  
  . Therefore equation (2) reduces to: 

   
  

  
                                                                                                                               (4) 

Which upon integration gives 

                                                                                                                                (5) 

where    is the injection velocity. 

By Rosseland approximation, radiative heat flux of an optically thin gray fluid    is expressed as Dulal and Mondal, [  ] 

   

  
  

      

    
                                                                                                          (6) 

Where    is the Stefan-Boltzmann constant and   is the mean absorption coefficient. It is assumed that the temperature 

differences within the flow are sufficiently small so that the term    may be expressed as a linear function of temperature. This is 

achieved by expanding    in a Taylor series about    and leaving out the second and higher order terms. Thus obtaining: 

       
     

                                                                                                      (7) 

Substituting equation (6) into equation (5) yields: 
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Thus, upon substituting equation (7) into equation (2) gives: 
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Factoring in the variable viscosity parameter into equation (9), and re-arranging yields: 
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The following non-dimensional variables are defined for the present problem: 

   
   

 
       

 

  
   

    

     
   

  
  

  
       

   
 

 
   

The non-dimensional form of the energy equation gives: 
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where    
 

    
 the Prandtl number,     

  
 

           
 Eckert number,   

 

       
 is the variable viscosity parameter and  

  
     

 

  
 is the radiation parameter.   

3. SOLUTION OF THE PROBLEM 

The coupled non-linear governing equation (11) is solved numerically using the forward time central space (FTCS) difference 

method which is stable and convergent. 

The finite difference form of the energy equation (11) is given as: 
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A mesh size is fixed at           and         and re-arranging equation (12) yields: 
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+                                                                          (13)                                                                                                                                             

Initial and boundary conditions are used to determine the values of temperature distribution. The following values are used: 

Initial condition: 

                                                                              

and boundary conditions: 

          ,                 ,                          

          ,                ,                                                                        (14) 

The finite difference equation (13) is then solved using MATLAB software. 

4. RESULTS AND DISCUSSION 

The effect of variable viscosity on unsteady magnetohydrodynamic fluid flow over a stretching surface in the presence of thermal 

radiation and viscous dissipation has been considered in this study. The parameters encountered are assigned numerical values:  

radiation parameter        , variable viscosity parameter            and    ,  Eckert number            . The 

analysis was done for two different values of Prandtl number as illustrated below: 

A program was written and run for various values of temperature for finite difference equation (13) using the different values of 

 ,   and    as indicated above. The analysis of the data distribution for          corresponding to air was done and the results 

are represented graphically on figures 1, 2 and 3 below. 
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Figure 1: Effects of Eckert number on temperature at         Pr 0.71  

 
The temperature profiles for the Eckert number are displayed in figure 1. From the figure it is clear that as Eckert number 

increases, the temperature profiles rise. With increase in Eckert number, the fluid temperature near the bottom of the stretched 

surface increases and then decreases away from the stretched surface. Physically, the Eckert number is a ratio of kinetic energy to 

the enthalpy. It incorporates the conversion of kinetic energy into internal energy by work done against the viscous fluid stresses. 

Greater viscous dissipative heat causes a rise in the temperature profile. However, kinetic energy reduces as distance increases in 

the vertical direction whereas thermal energy difference across the boundary layer increases as distance increase in the same 

direction. A positive Eckert number implies heating of the fluid as it absorbs heat from the stretching surface leading to thicker 

thermal boundary layer and cooling of the stretching surface. Thus, the fluid temperature increases as more heat energy is realized 

from the internal viscous forces. 
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             Figure 2: Effects of radiation parameter on temperature at           Pr 0.71  

 
It is revealed from figure 2 that the temperature decreases as radiation parameter increases. With an increase in radiation 

parameter, there is a decrease in thermal boundary layer thickness which leads to enhanced rate of heat transfer. This effect can be 

used to increase the rate of cooling of the sheet when required.  

 

 
Figure 3: Effects of variable viscosity parameter on temperature at           Pr 0.71  

 

Figure 3 illustrates the effect of variable viscosity parameter   on dimensionless temperature  .  Increase in variable viscosity 

parameter implies increased fluid viscosity which in turn leads to an increase in the viscous force which opposes the motion of the 
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fluid. This increase in the viscous force leads to an increase in temperature owing to the friction between the surface and the fluid 

causing generation of more heat. Thus, bringing about increased thickness in the thermal boundary layer. 

5.  STABILITY AND CONSISTENCY ANALYSIS  

There are numerous techniques to be utilized for numerical analysis. Finite difference method has been used in this study by 

developing the FTCS scheme for the energy equation. There is need for determining how well the FTCS scheme performs in 

terms of stability, consistency and convergence. This study has utilized the Von-Neumann stability analysis and the Taylor’s 

series for the consistency analysis. The details are explained as follows: 

5.1 Von-Neumann Stability Analysis for the Energy Equation FTCS Scheme 

The FTCS numerical scheme for the temperature          is developed for the energy equation (11). Discretization of the 

equation (11) gives: 
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Putting       ,       , 
  

  
 

  

  
   

  

     
   and multiplying equation (15) by     we obtain: 

2    
         

         
         

         
         

          
        

          
             (16)                                                                     

Taking the trivial solution as     
             when           √    , Lapidus and Pinder  [  ] and substituting in equation 

(17) results to: 

                                                                                          
                                                                    (18) 

Dividing equation (18) throughout by            yields: 

2                                                                             (19) 

Making   the subject of the formula in equation (19) gives:  

                                                                                                     (20) 

By Euler’s formula we have, Tinega and Ndede, [  ]: 

                

                                                                                                                           (21) 

Substituting equation (21) into equation (20) yields: 

                                                                                                           (22) 

Separating the real and the imaginary parts and simplifying equation (22) becomes: 

                                                                                                         (23)  

Considering the real, Re   ) and the imaginary, Im (  ) parts of   independently, equation (23) becomes: 

                                                                                                                (24) 

                                                                                                                         (25) 

Where,   is the amplification factor which determines whether the error is bounded in stability. For stable situation, it is required 

that | |  1. 

Taking the maximum value of  , that is,       for the largest eigenvalue of the amplification factor, equations (24) and (25) 

become: 
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|      |  |               |  |       |                                                            (26) 

Similarly,  

|       |  |       |  |      |  |   |                                                               (27) 

From equations (26) and (27) are stable for all values       
 

 
 . Thus, the FTCS scheme for the energy equation in this 

research is conditionally stable. 

5.2 Consistency Analysis for the Energy Equation FTCS scheme. 

Putting,       , equation (16) the FTCS scheme for the energy equation becomes 

     
         

         
         

         
         

          
        

          
      (28)                                                                                                         

To evaluate the consistency of the energy equation FTCS scheme (28), the Taylor’s series expansions as stated by Jain  [  ] is 

utilized as shown below: 
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Substituting equations (29), (30), (31), (32) and (33) in the implicit scheme (11) we obtain: 
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Upon simplifying equation (34), we obtain    

                +                                                           (35) 

Putting              
  

  
 

  

  
          

  

     
 

  

     
 

 

 
  in equation (34) and dividing the resulting equation by 

2 throughout we obtain:       

     +                                                                                             (36) 

It is noted that equation (36) is the recovered partial differential equation (energy equation). Having recovered the energy equation 

from the algebraic equation of the FTCS scheme developed, we therefore conclude that the scheme is consistent with the energy 

equation PDE. 

6.  Convergence 

By the Lax-Richtmyer Equivalence Theorem, the achievement of a convergent numerical solution based on a particular finite 

difference approximation is manifested in the consistency and stability of the finite difference scheme utilized Richtmyer and 

Morton [  ]. 

7. Conclusion 
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The effect of variable viscosity on the unsteady free convective fluid flow over a vertical stretching sheet in the presence of 

thermal radiation and viscous dissipation has been discussed. The resulting partial differential equations were discretized using the 

finite difference method to obtain the FTCS scheme. The results were presented graphically illustrating the details of the heat 

transfer characteristics on some physical parameters. Further, the stability and consistency analysis of the governing equation has 

been done using the Von-Neumann analysis and the Taylor’s series respectively. The following conclusions may be drawn: 

i) A rise in Eckert number leads to enhanced temperature profiles whereas increasing the radiation parameter decreases 

the temperature profiles. 

ii) Increase in variable viscosity parameter implies increased fluid viscosity which in turn leads to an increase in the 

temperature due to thickening of the thermal boundary layer. 

iii) The FTCS scheme is conditionally stable and consistent. 
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