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ABSTRACT
The purpose of this paper is to study the coefficient estimates of the class of functions in Sl’f_'g(q)consisting of starlike functions.

The sharp upper bounds for the initial coefficients and the Fekete-Szego functional of the functions in the class were established
using the Opoola Differential Operator.
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1. INTRODUCTION

Let A denote the class of function f(z) analytic in the open unit disk U ={z €C: |z|<1}and letS €A
denote the class of analytic functions f(z) in U which are univalent in U and of the form

f(2) = 2 + X, i7", (1.)

Let sg,; (q@)denote the class of analytic functions f (z) in U which are normalized by f (0) =0, f'(0) = 1.

Given f (z) and g(z) to be analytic functions, then f(z) is subordinate to g(z), if and only if there exist a
function w(z) analytic in U such that w(0) =0, |w(z)| <1 for |z <1and f(z) =g(w(z). Therefore,

f(z) <9(z) ==1(0) = 9(0)
And,

f(lz| < 1)(Iz] <1)
1.1 Opoola differential Operator

Let A denote the class of functions f(z) analytic and univalent in the Unitdisk U = {z € C:|z| <
1}, and have the form (1.1). The Opoola Differential Operator is defined as D™(u, 8,t)f(z): A — A with

D°(u, B, O)f (2) = f(2)
D'(u, B, Of (2) = tzf'(2) —z(B — Wt + (1 + (B — u— DOf (2)
D™(u, B, t)f (z) = D[D{'"f (2)]
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For the function in the form of (1.1)

Dl f(2) =2+ Z 14 (k=B —p— D"akz, (1.2)
k=2

Definition 1.1. A function f(z) is said to be subordinate to g(z) where f(z) and g(z) are both
analytic in the unit disk U and denoted as:

f(z) < g(z), zeU.

Such that

f(z) = g(a)(z)), z € U.
If the function g(z) is univalent in U, then f(z) is said to be subordinate to g(z) if
f(0) = g(0),and f(U) < g(U)
If there exist a Schwarz function w(z) , analytic in U with w(0) =0, |w(2)| < 1

Let us denote the function w(z) by

co

w(z) = Z Crz" (1.3)

k=1

A function f(z) € A iis said to be in class S5 (q) if and only if

D™ (4, B, f (2)
Y Dwporm o 2!

Let P be the class of functions p(z) of the form

P(z)=1+ Z przk
k=1

Which are analytic in the open disk U = z € C: |z| < 1 and satisfying the condition
R.(P(2))>0 pEeU.

The class Sﬁ'é (q) generalizes the class S;,(q) studied by Raina and Sokol. It also generalizes the work or
Bello and Opoola (2017).

2. LITERATURE REVIIEW

Let Sﬁ'é(q) be the class of function analytic in the unit disk U and normalized by f(0) = f(0) —
1 = 0 and satisfying the condition.

D™ (u, B, O)f (2) )
DB Of@ “VIT@ @D =4 z€U (1.4)

Where the branch of square root is chosen to be g(w(0)) =1
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It may be noted that the set g(U) lies in the right half plane and it is not a starlike domain with respect to the
origin

Raina and Sokol (2000) studied the class S*(q) and obtained the following result:
(DTheorem :

If f(2) = z+ X5, akz, then,

3 1
las] < 1, |a3|32| |a4|S§
(IDTheorem :If f(z) = z + Y5, a*z, then,
lag — Aa3| < max{a; — a3}
When 1 € C.
Fekete-Szego problem is when the upper estimate is obtained
Bello and Opoola ( 2017) also obtained the Second Hankel Determinant for the class S*(q).
(II)Theorem:
If f(z) =z + Y5, akz, then,
laza, —a3] <

In recent years the Upper estimates of determinant H, ) has been given attention to, the Fekete Szego
estimate H,(1) = |az — a5| and Hy(y) = |aya, — a3| have been greatly studied.

3. OBJECTIVES:

In this work the coefficient bounds, fekete-Szego estimates and Second Hankel Determinant is being
studied.

4. PRELIMINARY LEMMAS

In order to prove the main result the following lemmas are required.
Lemma [2.1]

If w€ Q, for any complex number A, |w, — Aw?| < max{1, ||}
Lemma [2.2]

Ifw(z) =cz+cz2 +c323+-- €0

Then |c3 + ¢c3 + 2¢c105| < 1
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5. MAIN RESULT

Theorem 3.1: Let f(z) be a function of the form (1.1) be in the class S[fé (q) then

1
A FEYcEy =L
las] < = + =
[Z+B-Wall+@+F— " 22+F -+ C+f - P
ct

A — -tz + B —ul+ 2+ - "

1 1
B+B—-—wtll1+ B+ B —wt] (1 BTy T (RN —M)t])

lay| <
[

5.1 PROOF

Since the function defined by (1.1) belongs to the class Slf’é (q),

D™ (u, B, )f (2) » B
DB, 0f ) NI (0(@)" +w(2) =q(2) (3.1)
Thus,
D™ (, B, Of (2) = D™ (1, B, Of (Dw(2) = D™(, B, Of (2) |1+ (w(2))’ 3.2)

Where w(0) =0,|w(z)|<1for|z| <1
From the definition in (1.2) we have

D™ (u, B, 1)f (2)
=z+[1+ @+ B -wt]"az> +[1+ 2+ B —wt]"azz> + [1 + B+ B — wt]"a,z*

D™ (u, B, O)f (2)
=z+[1+@+p—wt]" az2+[1+ 2+ B — wt]" tazz?
+[1+ B+ —wt]" agz* + -

D™(u, B, ) f (2)w(z)
=cz2 4+ 28 3zt + [1+ (1 + B — wt]"aycz3 + [1+ (2 + f — wt]"azcz* + -

D", B,0)f(2) = D" B, Of @Dw(@) =z +{[1+ A+ —wt]"a —c}z2? +{[1+ 2+ —
Wt ag = {[1+ 1+ B — wtl"azes — 32> + {[1+ B+ —wt]" a, — [1+ 2+ —
wtlasc {[1+ (1 4+ — wit]"ac, — ezt +.....

On comparing the initial bounds of equation (3.3) and (3.4) we obtain.
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. c1 )
(i)ag = T (3.5)
('ii)ag = = . ©2 4 I CFI) |
2+ —pt]- L+ 2+ 8—pt]* 201+ (245 —pwt|"[(2+ 8 — p)t]
c |
A+ 8-+ B—-pil+ 2+ 8= ,u_)g]n) (3.6)
(ifi)ay = L ( & . &
(B+B—p)t]1+ B+ —p)t] \2[(1+ 8 —p)t] 202+ 5 — p)t]
C? CiCa €109
i (1+8—p)t][(24+ 58— p)t] * [(1+ 58— p)i] + 2+ 53— ) + c169 -0(- 03)
3.7

It is known that the coefficients of the bounded function w(z) satisfies the inequality
that |ck| <1, so from (3.5),we have the first inequality that

1
- L+ (14+8—pt"

[ (3.8)

Also

1 cf
(1+ 5 —p)t
2
cf (A+B8—pt—2\ ,
215 ( 20+8—mt )

L
co )

2+ 8= pt][1+(2+ B8 — p)t]"|as| =

248 —pi][l+(2+ 8 — p)t]"|az| =

(3.9)

Using the estimate that if w(z) has the form(1.4) then
|c2 — Aci?| <{max 1, |A[}, forall €C
(3.10) from (3.9) and (3.10) we obtain

_ o n (1+ﬁ_ﬂ)t_2
[[2+p -1+ @2+p -] as|< 2(1+B-p)t

Which gives the inequality that

< 1+ -wt-2
2+ B - w2 + B - w1 + 2+ B - wt]?

las|

Also from (3.7) we obtain
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3 3 3
cy [ =

‘ﬂﬂ+5Mﬂ+2P+5Mﬂ [T+ B —mAl2+ B — )]

I[(3+B—p)t][1+(3+5—p)tlas| =

cl1Cco + c1C2

[+ 68— wi " [2+8— wi
_ ‘[(2+S—,u)t]+[(1+3—Ju)t]+2 3
o[(1+ 5 — ] “

+ + C1Cy + C3

LB+ Bt +[2+ 5 —mt] +[1 + 5 — p)i]
245 —wt][1 + 5 — pt]

Cc1Cy + C3

_|2+B-pwi+]1 +3—ﬂ}]c_ N 2 3
2[(1+ B8 — witl[(2+ 38— p)] 0 +6—-pil2+6—-p)] "

2+B-—pii+b-pt] o R+rB-—wd+A+B-pwt
R+A—wil+8—pit] T R+B-—mwil+B—myg 7
[(2+8—p)t] +[(A+ B8 —p)t] 5
: 2es ;
— [ At P (4 2 + )
2 +B8— ][R+ B —p)t] — (A +B—p)t] —[(2+ 8 —@t]
2[(1 + 8 — p)t][(2 + B — p)i]
o (CQ“L [l—!—S—,u]lt [2+3—,u)t )l
Next we establish some properties of ¢, and it is known that p(z) is given by
1+w(z) _ 2 e —
el = 1+pz+pz°-+ - =P(2)
defines the Caratheodory function with the property that R,p(z) > 0 in U and that Ipr] <2(k=1,2,
3,...) Equating the coefficient above we obtain
Po=2(c,%+cy)
and
P3=2(c;34+2c,c, + ¢3)
Hence
ey 24yl < 1
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and

lci3+2¢¢, + ¢35 <1

R+ 8-t +[(1+8—p)t] | 2[A+8—ppt][(2+8—p)t] - [(1+ 5 —p)t] - [(2+ 5 — p)i]
2[(1+ B8 — ]2+ B — )i 2[(1+ B = pt][(2+ 5 — p)i]

_|_

1
1+8- w2+ 8- w1 |

1
1+8— A2+ 56— 1]

[B+B8—wt]l+ B+8—ptlas| <1+

SN U
3+ 08— pit][1+(3+ 05— p)t] [(1+ 5 —p)it][2+ 5 — p)t]

lasl <

which complete the proof

THEOREM 3.2
If the function defined by (1.1) belong to the class S(f"é(q)

lag — \a3| <
S ( 1 N 1+ (+8 =t [(1+ 8 —p)t][2+ (1 + B — p)t]c2 )
[T+ 2+5—pt"[(2+5—p)t]’ 2[1+ 2+ 58— wit]"[(2+ B — p)t]
(AeC)

Proof :

From (3.6) we have that

2] _ c 1
laz — Aag| = ’[1+(2+.a—mt12“[{z+a—me] IR (B

2[1 + {2 + 83— ,[I-}f]ﬂ [(2 + 3 — .“'}t] €1

_ C2 ~ 1
- | 1+ @+B8—wt*[2+B8—pt] [L+(1+8—ptP"[(1+8— p)tf

(/\ A+ Q+B -+ 8- w2+ 1+ 8- ﬂ.)t)]) P
2[1 + (2 + B — pt]"[(2 + B — p)t] 1
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‘ Ca 1
T+ Q+B—mi[2+F—mwl [+ 0+6— w1+ 8- i
(2[1 + (248 — pwt]*[(2+ 8 — p)t]A
21+ (24 5 — p)t]*[(2+ B — p)t]
A+ 0+ 8=t [0+ 68—t + 1+ (148 — p)t]? [(1+.ﬁ'3—#-)f])cz
21+ (24 B — w)t|"[(2 + B — p)t] !

1 1
:'U+@+ﬁ—ﬂMﬂ@+ﬁ—MﬂFT_H+U+ﬁ—MWWU+ﬁ—MW

(1 + @4 B[+ A —pyp - LE LB W+ B w2+ (146 - “)t]) (‘2}

2 1

Applying Lemma [2.1], we obtain

1
T+ A w2+ B ]

maz [1,|[1+ (2+ 8 — p)t]"[(2 + B — p)t]A

A+ A+ B+t + 1+ (1 + B — Wt (148 —p)i] “
2

= maxr

1 _[1+(1+.S—;z)}2“[(1+,3—;z)](2+(1+3—;z)]H
1+ @2+ 8—pi[(2+8—p)t] [1+ 2+ B8 —pwit]*[(2+ 8 — p)]

Theorem 3.3

If the function defined by (1.1) belong to the cIassS"ﬁ(q)

Then,
|agay—a3| < . . . . + : 3
L+ A+ =Wt [+ B8 —t1+ B+ B —pt]"[(3+ 8 —p)t] [(1+8— p)i
N 2+B8—p)t]+[1+B—p)t] —[2+ B8 — pt][(L+5 —p)t
2(1+8-wit][2+B— Wt + 1 +8—pt]"[1+ 8 —p[1 + 3+ 8 —pu)t]"[3+ 8 — pult

L 2+ -t +[(1+B—p)t] +2-2[(2+ B8 — p)t][(1+ 58 —p)t
20+8-pwt][2+B8 -1+ 1 +B8—ptI*[1+ B8 —p][1+ B+ 8 —p)t|"[3+ B8 —plt

2—(1+p-p)
[2(1+B-w)t]?[2+5~-u]?

Proof:

From equation (3.5), (3.6) and (3.7) where c;, are the coefficient of the Schwarz
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function,
Then,

a4 — a% =

c1 ([(2+,3—;z)t—|—(1—|—;‘5’—;{)t+2]c3
T+ +F— i1+ B— Wil + B+ 8- WG +8-wi \ 2[(0+B8-wil2+8-pf

N (A+B8—pit][R+B—wt] +[2+B—p)t+(1+ 5 —p)t

[(1+ 8 — w2+ 8 — )] “@+“)

B 1 ( o N 24+ (1+8—p)t] C_z)
2+ 8-t \[1+ Q2+ B8—pi]*  2(1+8—p)]
€1

ST F- AT T B Pl BT B mi@ T 5 g (1T 2acte)

1
RET AR

B 2+B8-wt]+[(1+8—-pwit] = [2+B8—wt][1+8—p)t & (c2+ )
RO+B— i@+ B —mil+ 0 +B— "1 +B—pll+B+F— it B+a—pt 12"

B 2+08—wt]+[(1+8—wit]+2-2[2+8—pit][(1+ 8 —p)t ..«;4
RO+8-wil+B8-wil+1+B—pt"[1+3—plll +(B+B8—wt"B+B8—plt "

L a-(4B-w
201+ 8 —wit]22+ B8 —pu? !

Therefore,
la,a, — a% |

= ol e cicp + ¢
I+ A48 =t (1 + B8 — w1+ B+ B —wit]"[(3+ B — p)t] (e + 20102+ c2)

1
"= ¢
2+ —pwt]+[1+8—pt] —[(24 5 —p)i][(1 + 58— p)t 2 (
21+8 -+ -+ (1 +B8-pwi" 1+B8-pl+B+5—wi"B+5—plt "
R+B—pt| +[(1+8—pt]+2-2[24+ 8 —p)t|][(1+ 5 —p)t 1
RO+ A - w2+ B — A+ A+ B — I L+ B — ML+ B+ 3 — w3+ Bt |

c2 + c%)

Cco + c‘f)

_ 2-(1+8—-p) o
201+ 8 —p)t]?[2+ 8 —pu?2
Applying Lemma [2.2], we obtain the result below

1

3
T AT - G- PTG F g @ T 2ae t )
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+

+

L (
[(1+ 8= )2
R+B -t +[(1+8—pu)t] —[2+8—pwit][(1+8—p)t

-l—l CQ‘l‘C%)

L‘E (cz + C%)

2A+B8-p[2+B8—pt]1+ (1 +B8—p)t]*"[1+ B —p]1+ B+ B8 —pit]" 3+ —plt

2+8 -+ [(1+6-pt]+2-2[(2+ 5 —p[(1 + 5 —pt 4
RO+B=pH[2+B—mll+ T +B - [l +B—pll+B+B—mf B+5—pt
1 2—(1+8—-p) o
21+ 6 — )22+ 6 —p2
! 1

=1

I+ A+ 8-+ B—pil+B+B-mIB+E-wi [1+8-piP

2+B8—pit]+[(1+8—pt] —[(2+ 8 —p)t][1+ B8 — p)t

_|_

2Q0+8-wt[2+B8—wt1+Q+B8—ptl[1+8—pll+B+B8—pwt|"[3+ 8 —plt

24—t +[(1+8—pt] +2-2[2+ 8 —p)t][(1+ 5 —p)t

_I_

2A+B8-pwl2+B -1+ QA +B—pt]"[1+B8—p[l+B+8— "3+ 8 —plt

2-(1+p-p)

[2(1+B-wt]?[2+B-pu]?

Therefore we conclude that

|0284—ﬂ§| =

1 1
T+Q+8—-wt*(1+B8—pt]1+ B3+ 8 —p)t]"[(3+ 8 —p)t] - (148 —pt]?

2+B8 -t +[(1+B8—pwi] —[(2+ B8 —p)t[(1 + B8 —p)t

TRAFA- IR+ AW+ 1+ B— 1+ B[l + B+ B — B+ B —alt

R+B8—wt|+[(1+8—p)t] +2-2[(2+8 —p)t][(1+ 8 —p)t

_|_

20+8—wt][(2+ B —wt]1+ (1 +8—pt]"[1+ B8 —p][1+ B+ B8 — "3+ 8 — plt

2-(1+8-1)

[(2(1+B-wt][2+p-p]?

Which completes the proof.

6. CONCLUSION:

The Result Obtained in this work is the generalization of many known results previously studied by other
authors.
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